ABSTRACT A branch of robotics, variable impedance actuation, along with one of its subfields variable stiffness actuation (VSA), is gaining momentum recently. There have been many thorough studies earlier in the design and recently in the control of these systems. The performance of these systems is mainly limited by their physical constraints, such as actuator nominal torque and maximum elastic element stiffness. This paper discusses the integration of reaction wheels to VSA systems and using reactive torques to improve the performance of the combined system. Since the compliant nature of VSA mechanisms is often associated with cyclic motion, reactive torques can be used to amplify the robot motion and accumulate more energy in the elastic elements in a given period of time. After presenting our modeling and control framework for reaction wheel-integrated VSA robots, we benchmark the performance of a reaction wheelintegrated VSA system using an explosive ball throwing task. Specifically, extensive simulation and realworld experiments are conducted with three different configurations: VSA-only, reaction wheel-only, and reaction wheel-integrated VSA. The results of these experiments show the benefits of reaction wheelintegrated VSA robots compared with the two other configurations.
I. INTRODUCTION
The smart manufacturing paradigm Industry 4.0 envisions a higher degree of autonomy for robots. Rather than executing preprogrammed tasks rapidly and repetitively, robots will work with humans in close proximity and also learn from them to execute new tasks and optimize their performance [1] , [2] . This expectation motivates the recent surge of interest in physical human robot interaction research. Soft robotics emerged as a branch of robotics to address the safety concerns during this interaction [3] . One way of achieving soft robot behavior is active compliance. The manipulators regulate joint behavior actively under closed-loop control using data from torque and force sensors [4] . However, active safety is limited by a variety of factors such as the controller sampling time, sensor response time, noise, and robot link inertia [5] . Building upon the Series Elastic Actuator concept of the 90's [6] , Variable Stiffness Actuated (VSA) robots were introduced to overcome the limitations of actively torque controlled robots [7] . Passive yet dynamically adjustable compliance is an inherent characteristic of VSA robot design. The recurring design philosophy of numerous VSA robot implementations [8] is decoupling of links from actuators via nonlinear elastic elements (NEEs). VSA robots have the following advantages over rigid actively torque controlled counterparts:
1) Safety during physical interaction with humans needs to be explicitly embedded into the control systems of the traditional position controlled and also actively torque controlled robots. Thanks to their mechanical design, which separates the actuators from the links, VSA robots come with intrinsic safety [9] . Assuming limits on the link velocities are enforced through design and/or control, human friendly operation of VSA robots can be ensured by setting low joint stiffness [10] . Additionally, the elastic elements in VSA joints allow shock absorption, which reduces the propagation of impact forces during collisions with stiff objects to the fragile parts of the actuator and drivetrain assembly. This way, the damage to the robot and the environment is also limited. 2) Dynamic adaptation of joint compliance allows optimization of the VSA robot performance for specific tasks. Mechanically adjustable compliance was used to adjust the gait dynamics in robotic locomotion to achieve energy efficiency and robustness [11] , [12] . The importance of compliance adjustment of human fingertips for dexterous manipulation was discussed in [13] . Optimal stiffness modulation was instrumental to achieve high link velocities for explosive tasks [14] . 3) Energy efficiency in VSA robots is achieved by the energy storage capability of the compliant elements [15] . Kinetic energy accumulated in the elastic elements as potential energy can be released when necessary. Novel VSA mechanisms for energy efficient hopping, a cyclical task, at a wide spectrum of stride frequencies were presented in [16] and [17] . In addition to the challenges in the mechanical design of VSA robots, control of these robots is also non-trivial. High nonlinearity of the elastic joint-link coupling and the presence of input and state constraints render traditional control approaches ineffective. Recently, Braun et al. [18] made progress in the control of VSA robots by defining and solving an Optimal Control Problem (OCP). In this approach, the differential equations describing the dynamics of the robot along with its constraints are included in a mathematical model, which is solved off-line, and the resulting trajectories are provided to the actuators in open-loop fashion. Later, this framework was extended by introducing real-time closed-loop correction of the joint trajectories using Nonlinear Model Predictive Control (NMPC) [19] . Feedback control improves the performance of the robot, decreases error and keeps the model constraints enforced.
The main idea behind variable impedance actuation is to enrich the dynamics of the robot by incorporating additional energy storage and dissipation elements, and controlling the power flow flexibly using the additional actuators to optimize the performance. Physical damping modulation was exploited using optimal control techniques in compliant robots for rapid movement tasks [20] . Looking for another way to further augment the VSA robot dynamics, one might consider the use of a reaction wheel, which can affect the motion of the robot via reactive torques.
Reaction wheels are frequently used in spacecraft for attitude control [21] . Due to their practical applicability in zero gravity, there is also significant literature for their use in space-based robot manipulators [22] - [25] . Specifically, effects of reaction moments on satellite-based manipulators and different approaches for base platform stabilization were analyzed in [26] . Oki et al. [27] presented a study on the control of free-floating space robots with constraints on the reactive torque due to the limitations of reaction wheel actuators or gas-jet thrusters. Closed-loop velocity control as opposed to current control of reaction wheels in satellitebased robot arms was discussed in [28] .
The utilization of reaction wheels in robotics was limited outside of space applications. Generating and transmitting reactive torques for pendulum swing-up and balance was thoroughly described in [29] and [30] . An illustrative example of utilizing reactive torque is Cubli [31] , where a squareshaped inverted pendulum was balanced using a reaction wheel. Later this unique inverted pendulum was expanded to three axes [32] , making it ''a cube that can jump up and balance'' using three reaction wheels. Balancing of a two-wheeled mobile robot was accomplished using a reaction wheel saving 20% energy compared to the conventional balancing system [33] .
The use of reaction wheels in robotics are mostly concentrated on balancing inverted pendulums and stabilizing robot arms in space. To the best of authors' knowledge, reaction wheels were not integrated to VSA robots to supplement their dynamics. There might be various reasons for this. Additional actuators will translate into higher number of inputs and states and complicate the already intricate control problem of VSA robots. The link masses and inertias due to the presence of reaction wheels will also increase, presumably decreasing the robot performance. On the other hand, reaction torques can be applied with high bandwidth and precision assuming the availability of a control framework which can harness these advantages. In this paper, we incorporate a reaction wheel as an additional actuation degree of freedom (DOF) to a VSA robot. We design a control system for this robot leveraging our closed-loop control framework for VSA robots [19] . Through simulation and real-world experiments, we show that the performance of the reaction wheel integrated VSA robot exceeds that of a regular VSA robot for an explosive movement task.
The rest of the paper is organized as follows: Section II provides background on the modeling of VSA robots and our nonlinear optimization based control framework [19] . Section III presents the extension of VSA robot dynamic model with reaction wheels and then the control methodology of these robots. Section IV presents the experimental study for a ball throwing task with a reaction wheel integrated VSA robot. Section V concludes the paper.
II. BACKGROUND A. MODELING OF THE VSA ROBOTS
Behavior of VSA robots can be expressed using two sets of dynamics: the actuator side and the link side. The actuator side dynamics considers the actual actuator coordinates θ ∈ R n θ and the control of these, while the link side dynamics considers the joint coordinates ψ ∈ R n ψ and their behavior. The latter can be defined as
where M (ψ) ∈ R n ψ ×n ψ is the inertia matrix of the system, C(ψ,ψ) ∈ R n ψ ×n ψ represents the Coriolis forces, B ∈ R n ψ ×n ψ includes the viscous friction coefficients, and N (ψ) ∈ R n ψ describes the influence of gravitational forces on the system. On the right hand side of (1) is the vector of joint torques τ E (ψ, θ) ∈ R n ψ that are applied by elastic elements. These torques are usually dependent both on the actuator coordinates θ and the joint angles ψ. Precise positioning of these actuators can be achieved through high sample rate feedback control and the closed-loop dynamics can be described by a VOLUME 4, 2016 second-order differential equation
where ξ i , ω i are the parameters of each actuator and θ i , θ r,i , i = 1, .., n θ are the actual and reference positions of each actuator.
Combining the actuator and link side dynamics, we can construct a vector of state variables x = [ψψ θθ ] ∈ R 2n ψ +2n θ resulting in a state-space model
where E = diag(2ξ ) ∈ R n θ ×n θ and F = diag(ω 2 ) ∈ R n θ ×n θ are the matrices characterizing the actuators.
B. NONLINEAR OPTIMIZATION BASED CONTROL OF VSA ROBOTS
Recently Zhakatayev et al. [19] utilized optimization algorithms extensively for the control of VSA robots. In this framework, firstly an OCP is solved to generate optimal joint trajectories of the robot. OCP outputs the optimal sequence u * (t) of input variables, with the objective of minimizing an associated cost function of the dynamical system. The input sequence u * (t) is assumed to be a piecewise-constant function:
where T s is sampling time, K = T f /T s is number of steps within the problem run-time T f . Specifically, the optimal control sequence is found by solving the OCP defined as u * = arg min
whereX andŨ are the reachable states and control inputs with boundaries, respectively. Here J (x(·), u) is the cost function
where functions g(·, ·) and h(·) represent the cost during and at the end of task execution, respectively. Feedback control is essential to enhance the performance of VSA robots in real-world operation. The ability to correct a trajectory on the fly makes the motion robust to modeling inaccuracies and external disturbances. Due to the highly constrained and nonlinear nature of VSA robots, NMPC was used in [19] .
Initially NMPC was used in chemical industry, where processes have relatively large time constants [34] . Therefore large sample times is sufficient for acceptable control performance of these systems. The control law for NMPC is computed within a small fraction of the large sample time. Compared with chemical plants, robots have much faster dynamics; thus, certain adaptations are needed to yield an NMPC controller useful in real-time control of robots.
Rapid evolution of the robot states requires short sampling times. It can not be assumed that the time needed to solve the NMPC problem is negligible compared to the sampling time T s . Therefore control signals generated for the current set of states are not particularly useful, since the states are already different once the control rule computation is finished and can be applied to the system. The framework in [19] utilizes the following trick to avoid this issue. First, at the beginning of current time step, system states and outputs are acquired from sensors in a time interval T sens . Using these sensor measurements directly for control without taking into account the evolution of the system would degrade performance. Instead sensor signals are used to simulate system dynamics for one time step ahead. Computationally, this simulation of system dynamics takes the time T sim . The results of one-step ahead system simulation are used for NMPC, which solves a finite horizon optimal control problem with the objective of tracking the references obtained from OCP. The NMPC computation takes T solv amount of time. As a result, new sequence of suboptimal control inputs are generated:
where K NMPC = T h /T s is the number of time steps within horizon time T h . Then the first step of the NMPC input sequence is applied to the system at the end of the current time step. Sending control inputs to the actuators takes T tran amount of time. The process described above continues in a looped fashion for the whole duration of the experiment. Figure 1 shows the block diagram of this closed-loop control paradigm. Since the controller needs to gather the measurements from the sensors, simulate the system for one-step ahead prediction, compute the control sequence and transmit it to the actuators in one loop, the following condition must hold true:
However, even if at a given time step this condition is violated, the system will still be fault-tolerant to a limited extent, since it has simulated and generated controls for K NMPC steps ahead in the previous time step; therefore, it can skip one step and apply the next control inputs in the queue. For a more detailed description of this framework the reader is referred to [19] .
III. REACTION WHEEL INTEGRATED VSA ROBOTS A. SYSTEM MODELING
In this subsection we describe the dynamics of VSA robots with reaction wheels. For simplicity, we limit our treatment to planar VSA robots which have one reaction wheel attached to every link. We also assume that robot links are moved by rotational joints only. The schematics of a such VSA robot is shown in Fig. 2 . Without loss of generality, it is assumed that the center of mass of the momentum wheels are coincident with their axis of rotation. The described procedure can be extended to non-planar multi-DOF VSA robots with rotational joints. Angular position and velocity of link i are described by ψ i andψ i , respectively. Angular position and velocity of the wheel, attached to the link i, are denoted by the generalized coordinates ζ i andζ i . A joint i is connected to the proximal end of the link i and causes its motion. Now we will present robot dynamics analysis using angular coordinates. The linear velocity of the distal end of the link i relative to the fixed Cartesian coordinate system is defined as v i . The proximal end of the first link is fixed to the ground and so its velocity v 0 = 0. Therefore, x and y Cartesian components of velocity of the distal part of the link i, v i = v x i i + v y i j, and its square, can be given as
where c(·) and s(·) denote cosine and sine functions, respectively. L j is the length of the link j. Linear velocity of a point, located at an arbitrary length l i from the proximal part of the link i, is also described by (9) , but in the last term of the summation, when j = i, L i is replaced by l i . We will denote magnitude of this velocity as v i l i . Kinetic and potential energies, E T and E V , of a robotic system with n ψ DOF can be written as
where g is gravity constant. For link i; m l i , J l i , L l c,i are correspondingly its mass, moment of inertia about the center of mass and length from the axis of rotation of the joint i to its center of mass. While m w i , J w i are the same parameters of the wheel i, but L w c,i denotes distance from the axis of rotation of the link i to the center of mass of momentum wheel i, which coincides with axis of rotation of the reaction wheel. Lagrangian of the system can be constructed as L = E T − E V . We can then write the system of dynamics equations for multi-DOF VSA robot with integrated reaction wheels as d dt
where τ E,i and τ C,i are, respectively, elastic and reaction wheel motor torques, which separately act on the link i and the VOLUME 4, 2016 momentum wheel i. In essence τ E,i is i-th component of the torque vector in (1). F l i and F w i denote frictional Rayleigh dissipative functions of the joint i and of the momentum wheel i, respectively. We assume that friction is linear, in which case dissipative functions can be introduced as
where b l i and b w i denote friction coefficients of the joint i and of the momentum wheel i, correspondingly. Equation (11a) gives the dynamics of link i, while (11b) provides equation of motion of the reaction wheel i. The system of equations, obtained from (11), can be further modified in order to bring them to a form similar to (1) . To achieve this, we substitute Lagrangian L into (11), perform differentiations and then collect terms. All terms containing second order time differentiation of angular positions are collected to the new inertia matrixM , while first order time derivative terms, which have friction coefficients, are assembled to a new diagonal damping matrixB. New Coriolis matrixC is formed by collecting all remaining terms with first order time derivative of angular positions. Modified gravity vectorÑ consists of terms which have gravity constant g. The rest of the terms, which contain external inputs τ E,i and τ C,i acting on the links and the reaction wheels, form the new vector of external torquesT . At the end, we get a combined system of differential equations for robot dynamics, expressed as Mψ +Cψ +Bψ +Ñ =T (13)
,ψ ∈ R 2n ψ is a vector composed from link and reaction wheel angular coordinates. In this case coupling between link and reaction wheel dynamics happens through modified inertia matrixM and modified gravity vectorÑ . Interestingly, due to our original assumption about the location of the reaction wheel axis of rotation, modified matricesM ,C,B,Ñ do not contain and therefore do not depend on the reaction wheel generalized coordinates ζ i ,ζ i , i = 1, .., n ψ .
As an example, the dynamics of the reaction wheel located at the link i can be written as
The closed-form equations for the new overall inertia matrixM are also derived and provided in the appendix. If the number of reaction wheels is less than the number of links, the above analysis is still valid, but the corresponding mass and inertia terms should be set to zero.
B. PERFORMANCE CONSIDERATIONS
In this subsection, we will provide general considerations regarding the influence of the reaction wheel parameters on the VSA robot performance. If the reaction wheel size is increased, it inherently increases the wheel inertia, which in turn leads to higher energy storage and reactive torque generation capability. However, large reaction wheel size results in a large volumetric envelope for the link, which is not desirable for robotic applications due to the limitations to the range of motion. For higher inertia and smaller volumetric envelope, the design of the wheel should have most of the mass as far from the center as possible. Additionally, higher angular velocity of the wheel enables it to store more kinetic energy and generate high reactive torque for longer duration. Currently, brushless DC motors are widely-used for robotic applications thanks to their high power density. These motors have high nominal speed and low nominal torques. Their characteristics need to be taken into account for an effective reaction wheel design. For example, Maxon EC-10 motor has a no-load speed of 49200 rotations per minute (rpm) and maximum continuous torque of 12 mNm. It weights 13 grams and has power density of over 600 W/kg. A variant of Maxon EC-22 has no load speed of 31000 rpm and maximum continuous torque of 30.6 mNm with a weight of 130 grams resulting in a power density of around 400 W/kg. Brushless DC flat motor Maxon EC-45 has a lower no load speed (3440 rpm) and higher continuous torque (134 mNm) with a power density of 500 W/kg. The reaction torque will be limited by the maximum torque of the motor. The maximum kinetic energy stored in the reaction wheel will be limited by the maximum motor speed besides the reaction wheel inertia. However, higher rotational speeds also increase the energy wasted due to friction. It is important to choose a light-weight and high power density motor such that the robot link weight is not excessively increased. Figure 3 illustrates the control system block diagram for the reaction wheel integrated VSA robot. The scheme is similar to the one described in subsection II-B and shown in Fig. 1 . In this case, the NMPC controller generates control inputs for both the servomotors, which are connected to the NEEs, and additionally for the motors, which run the reaction wheel.
C. CONTROL METHODOLOGY OF VSA ROBOTS COMBINED WITH REACTION WHEEL
The main challenge for this control system is related to the fast dynamics of the reaction wheel and the computation time required for the NMPC controller. Time required for the NMPC controller to solve a receding horizon problem increases rapidly as the system complexity increases. On the other hand, the benefits of the fast dynamics of the reaction wheel can be exploited with small sampling times. Therefore, we anticipate that the usage of the NMPC for VSA robots with reaction wheels will be limited to low-DOF systems for the foreseeable future. 
IV. CASE STUDY A. MODEL OF THE CASE STUDY SYSTEM
In order to show the merits of the reaction wheel augmentation of VSA robots, we conducted a case study using a single-DOF VSA robot with a reaction wheel attached to it. The schematics of this system is shown in Fig. 4 . The task is to throw a ball attached to the distal end of the robot to the farthest distance. The link is actuated by two servo-motors via two NEEs and the disk is actuated by a brushless DC motor. The dynamics of the systems can be obtained using the modeling formalism presented in subsection III-A. The inertia matrixM for this system is
with The matricesC(ψ,ψ) andÑ (ψ) describing the Coriolis forces and the gravity acting on the system arẽ
The friction of the joints is modeled as viscous friction and is described by the matrix
The torque vectorT (ψ, θ, I m ) is
The torque τ E,1 applied to joint 1 by servomotors through NEEs can be written as τ E,1 = ρ (T 1 − T 2 ), where T i , i = 1, 2 are the tensions in the driving tendons and ρ is the radius of the joint pulley. The tension in the tendons, which is provided by the two NEEs connected to the joint, can be approximated by a quadratic polynomial function of the tendon displacement δ as
This displacement is achieved by turning the two driving servomotors and can be described as
2 ), where δ 0 is the initial displacement of the tendon, ρ p is the radius of the pulleys attached to the servomotors, θ i , i = 1, 2 are the servomotor angles, and θ 0 i , i = 1, 2 are initial positions of servomotors, which provide initial displacement of the tendons, ρ p is the radius of the pulleys attached to the servomotors, and θ i , i = 1, 2 are the servomotor angles. The torque applied by servomotor i is τ M ,i = ρ p T i . The reaction wheel motor torque τ C,1 = k τ I m depends on the input current I m and motor torque constant k τ .
Inspecting (14) and (19) , one can notice that the reaction wheel angular position has no effect on the system and can be omitted. Therefore, our system is represented by seven state variables and three control inputs. The state vector defined
We employed two additional testbeds to benchmark the performance of our system: a single-link VSA only system and a single-link system actuated by a reaction wheel only. The dynamics of the latter system is identical to the combined system except the elastic torque τ E,1 = 0. For the single-link VSA system, the 1 × 1 dynamic matrices are
B. EXPERIMENTAL SETUP
The robot described in the previous section was designed in Solidworks and built as an experimenteal testbed (see Fig. 5 ).
Most of the parts were 3D-printed using UP Plus2 rapid-prototyper. The joint shafts and the link were CNC-machined out of steel and textolite, respectively. Reaction wheel was realized using a bicycle brake disk and connected to the link via low-friction ball bearings. Due to their high torque and speed, two Dynamixel MX-28 servomotors were used to actuate the joint 1 through NEEs. VOLUME 4, 2016 FIGURE 5. Antagonistically actuated VSA system with a reaction wheel.
These servos were interconnected in a chain fashion and communicated with the computer via a USB2Dynamixel module. The reaction wheel was actuated by a brushless DC motor (Maxon EC-45), which was driven by a 4-quadrant servoamplifier (Maxon DEC 70/10). The motor controller received the torque references through the analog output of a National Instruments (NI) PCI-6221 data acquisition card from a desktop computer. Four quadrature encoders AMT-102V with a resolution of 1024 pulses per revolution were used to measure the servomotor, the reaction wheel and the joint angular positions. The signals from the encoders were acquired with NI PCI-6221 cards. The hold and release task for the ball was executed by an electromagnet driven by a transistor and controlled from the NI PCI-6221 card via a digital output. The system was powered by three BK Precision 1761 DC power supplies, which provided 5 V for the encoders, 48 V for the reaction wheel motor, and 12 V for the Dynamixel servo-actuators and the electromagnet. Ultrahigh-molecular-weight polyethylene fibers were employed as the tendons for their high load capacity (400 N). The system identification followed a simple framework. The components were weighed using electronic scales and these weights were input to Solidworks. Under the assumption of uniform mass distribution of the components, the center of masses and moments of inertia were computed by this software. The parameters of NEEs were obtained experimentally. Specifically, the force measurements for position increments of 0.5 mm were taken with an electronic force gauge (Extech 475055) and the recorded data was used to obtain a quadratic polynomial fit. The friction coefficient b l 1 was found using measurements from the freely oscillating link and b w 1 was found by accelerating the disk to the maximum angular speed and observing the gradual frictioninduced deceleration. The identified system was used for solving the OCP with ACADO software.
To compare the performance of the reaction wheel augmented VSA robot (I) with other configurations, we conducted additional experiments with two other systems: VSA-only system (II) and reaction-wheel-only system (III). These systems were realized by modifying the original setup (I). The parameters of (I) and (III) are identical, only difference being the removal of the servomotors and NEEs. The comparison of the parameters of (I) and (II) are summarized in Table 1:   TABLE 1 
C. OCP FORMULATION
An OCP was solved to find the optimal trajectories for the system links and actuators. We used ACADO toolkit [35] , [36] to find a sequence of control inputs u * (t), t ∈ [0, T f ] that results in the optimal task realization. The duration of robot motion to perform a throw was chosen as T f = 1, T f = 1.5, and T f = 2 seconds. With a sampling time of T s = 20 ms it is equivalent to K = 50, K = 75, and K = 100 steps. In our example, the h(·) component of the cost function is responsible for maximizing the ball throwing distance s, which is the top priority of the optimization, while the g(·, ·) component of the cost function is used to minimize the energy expenditure and wear of the actuators. The ball throwing distance s as a function of the system states at the instant of ball release is
where H = 0.813 m is the height of the pivot of the system from the ground, g = 9.81 m/s 2 , and
The other component of the cost function g(·, ·) was defined as:
OCP was constructed to minimize the sum of h(·) and g(·, ·).
Constraints were imposed to avoid damaging the motors, the robot, and its environment, and also to establish the velocity, torque, and spring extension limits such that the OCP takes into account the real-world constraints of the system. These constraints can be summarized as
The initial conditions for the OCP were imposed as
3.02 and others as zero. KKT tolerance of the ACADO solver was set to 10 −6 . The OCP computation took about 20 seconds for the 1-second experiment and about 5 minutes for the 2-seconds experiment on a desktop computer (AMD Phenom II X4 processor and 32 GB of memory). During the simulations, we tested several time lengths T f and observed that after a certain duration, increasing the time of robot motion does not increase the ball throwing distance. At this threshold, T sat , the system reaches its best performance in terms of distance s, so larger execution times were omitted from real-world testing. This saturation is depicted in Fig. 6 , where T sat1 ≈ 2 s and T sat2 ≈ 3 s, the former being the combined VSA-reaction wheel configuration (I) and the latter being the bare VSA configuration (II). As hypothesized, the reaction wheel augmentation of VSA robot allows reaching longest achievable throwing distance in a lesser amount of time.
D. CLOSED-LOOP CONTROL
To track the trajectories generated by the OCP in real-time, we implemented a NMPC controller. The prediction horizon for the NMPC was set to K NMPC = 10 steps with the sampling time T s = 20 ms resulting in a prediction horizon of 200 ms. The importance of tracking of each state variable and the energy expenditure on each control input were tuned by diagonal weight matrices, Q and R respectively. In our case, the decisive states were the link angular position and velocity. We also preferred to use the reactive torque less frequently. Therefore, the weight matrices were defined as Q = diag{1, 0.1, 10 −6 , 10 −6 , 10 −6 , 10 −4 , 10 −4 } and R = diag{10 −6 , 10 −6 , 5}. The states whose weight is near zero are barely tracked and are optimized by the NMPC to best support the tracking of the decisive states.
Due to the uncertainties associated with the real-world systems, the constraints defined in the OCP are prone to being violated. In order to avoid this problem, the constraints of the NMPC were slightly relaxed and were imposed as
NMPC controller with these constraints and the prediction horizon of 10 steps was generated in ACADO in the form of C++ code and embedded into the main program that controls the system. The main program repeated the framework described in the previous sections every 20 ms: measurements are taken; the system is simulated one time step; optimal control sequence is generated; the program waits until the end of the current time step; the the first element of the control sequence is applied to the system. At the end of the time allowed for robot motion the magnet is switched off and the ball is released. 
E. EXPERIMENT RESULTS
One of the main limitations of our nonlinear optimization based closed-loop control framework is computational cost. The computation of the sequential quadratic program for generating the control sequence needs to be finished within the time step of 20 ms. To verify this, we recorded the computation time for each time step of a number of experiments. The histogram in the Fig. 7 shows that the execution time never exceeds 8 ms, which is less than half of the 20 ms sampling time. In order to accomplish the task, the reference trajectories obtained from the OCP solution were tracked based on their importance specified by the weight matrix. Figure 8 demonstrates the results of three experiments for different time durations T f . The link position and velocity, ψ 1 andψ 1 , were tracked closely, which is justified by their significant effect on the task performance (the throwing distance is a function of the link positions and velocities at the release instant) and enforced by their cost function weights. On the other hand, motor positions, θ 1 and θ 2 , are not followed very closely; instead, they are adjusted in response to the real-world uncertainties (external disturbances, parameter inaccuracies during system identification, etc.). The disk velocity follows the reference trajectories with some overshoot. Presumably, the error might be due related to the inaccuracies in the modeling of the friction. We assumed a simple linear friction model, whereas the friction might have more complex dynamics involving Coulomb and/or stick-slip friction. In general, we observe that the NMPC controller corrects the system behavior through control inputs. The servomotor trajectories are significantly different than the expected ones due to this correction action.
In order to benchmark the performance of the combined system, additional experiments with other configurations were conducted. The summary of the results is presented in Table 2 . It compares the throw distances of one-link robot in VSA-only, reaction-wheel-only, and combined configurations. The combined system achieves a longer throwing distance for all the three experiment durations. This implies the merit of the reaction wheel integration to VSA robots. A video showing the experiments with these three configurations is included in the supplemental material. In this video, the tandem operation of the reaction wheel and the motors can be observed in detail as well.
V. CONCLUSIONS
A VSA system augmented with a reaction wheel was presented and analyzed. The benefit of using the reaction wheel to boost the performance of the VSA robot was confirmed.
A case study was presented in the form of simulations and real-world experiments to demonstrate the feasibility of the concept. A future challenge remains the expanding the use of reaction wheels to VSA robots with multiple links considering the computational requirements of the approach.
APPENDIX
The overall inertia matrixM in 13 for the reaction wheel integrated VSA robot can be expressed as For example, when i = n ψ , the first summation term with respect to j in (23b) becomes invalid and therefore is zero. Equations (23a) and (23d) provide below diagonal terms of overall inertia matrixM , while (23b) and (23e) provide upper diagonal terms, and finally diagonal terms can be found from (23c) and (23f).
